High girth and extendability  by Gvozdjak, Pavol & Nešetřil, Jaroslav
ELSEVIER 
DISCRETE 
MATHEMATICS 
Discrete Mathematics 154 (1996) 77-84 
High girth and extendability 
Pavol Gvozdjak a,*, Jaroslav NeSetiil b,l 
a Department of Mathematics and Statistics, Simon Fraser University, Burnaby, B.C., Canada VSA IS6 
b Department of Applied Mathematics (KAM). Charles University, Malostranske ncim. 25. 
118 00 Praha 1, Czech Republic 
Received 22 September 1993; revised 26 October 1994 
Abstract 
In this paper, we present a construction of graphs Gk,n which have girth at least n and for 
which every matching of size k may be extended to a perfect matching of Gk,“. This also yields 
a new construction of graphs with a given edge-density and girth. 
1. Introduction 
Given a graph G = (V,E), a matching in G is a set M of edges of G no two of 
which have a vertex in common. A perfect matching (or a l-f actor) is a matching 
of size IVl/2. If a graph G with more than 2k vertices contains a perfect matching 
and if every matching M of size k can be extended to a perfect matching, then G 
is said to be k-extendable (we exclude the case that G is a matching itself). This 
notion was studied, e.g., in [ 1,2,5,11]. Plummer [l l] proved that every n-extendable 
graph is (n + I)-connected. This is the best possible as clearly the complete bipar- 
tite graph K+I,~+I is n-extendable. Moreover, it has been shown by Dean [2] that 
maximal extendability of a graph of a given genus is related to the extendability of 
complete bipartite graphs. Particularly, for a given genus larger than 0, the maxi- 
mal extendability of graphs and of graphs with girth 4 is given by the same for- 
mula. Other examples of k-extendable graphs include highly symmetric graphs such as 
&+I ). 
In this paper we deal with graphs with a given (large) girth and a given (large) 
extendability. For these graphs merely the existence question is not an easy problem. 
We prove 
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Theorem 1. Let n and k be positive integers. Then there is a k-extendable 
graph Gk,n with girth greater than or equal to n. Moreover, we give a construction of 
graphs Gk, *. 
This will be proved in Section 4 of this paper. Our construction is motivated by the 
following 
Theorem 2. The n dimensional cube graph Q,, is (n - 1)-extendable for every n > 1. 
This is a corollary of a more general result proved in [4]. In Section 2, we include a 
short proof of Theorem 2 to facilitate the understending of the proof of the main result. 
The existence of graphs Gk,n (with both large extendability and girth) is interesting 
in a broader context (which was our original motivation): There is just a handful of 
constructions producing graphs which have large girth and large edge density. Such 
graphs were constructed, e.g., in [3,12] in the context of regular graphs with a given 
girth and, e.g., in [7,10,6] in the context of high-chromatic graphs with a given girth. 
Perhaps the most striking construction is provided by Ramanujan graphs of [8,9]. We 
do not know if any of these constructions gives examples of k-extendable graphs. Our 
construction may be viewed as an addition to this list. In Section 5, we add a few 
comments and problems. 
2. Notation and proof of Theorem 2 
For an undirected graph G, V(G) and E(G) denote the vertex set and the edge set 
of G, respectively. If S is a subset of V(G), then G[S] is the graph with V(G[S]) = S 
containing exactly those edges of G that have both their endpoints in S. When T is a 
set, then the graph G[ V(G) \ T] is also denoted by G \ T. Vertices u and v of a graph 
G are said to be adjacent (in G) if uv E E(G). If this is the case, we say that the 
vertices u, v are incident with the edge uv. 
A sequence ~1~2~3 . . . u, of vertices of G is called a walk (of length m - 1) if 
U; and ui+i are adjacent in G for all 1 di < m. A walk uluzu3 . . . u, is closed if 
ul = u,. A cycle is a closed walk of length at least 3 for which Ui = Uj implies i = j 
or {i,j} = {l,m}. 
The girth of a graph G is the length of the shortest cycle in G (if G contains no 
cycle we say that the girth of G is infinity). 
Let H be a group and let S be a subset of H such that SC’ E S whenever s E S. 
The Cayley graph of H with respect to S (denoted by X(H,S)) is the graph with 
the vertex set H and with the edge set defined as follows: hi, h2 E H are connected 
by an edge in X(H,S) if and only if h,‘hz E S (X(H,S) is an undirected graph as 
h,‘h2 ES ti h,‘h, ES). 
We conclude this section with an easy proof of Theorem 2. This is stated here for 
an easier understanding of Section 4 below. 
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Proof of Theorem 2. We prove the statement by induction on n = 2,3,. . . . Small 
cases are easy to check. Let M be a matching of size n - 1 in Qn. The edges of Qn 
can naturally be partitioned into n l-factors. Among these, there must be one, we will 
denote it by F, which contains no edges of M. The removal of F from Qn results 
in two disjoint copies of Q,+ 1; these will be denoted by Gt and G2. Note that F 
induces an isomorphism between G1 and Gz (the vertices joined by an edge of F are 
mapped to each other under this isomorphism). If each of Gi and G2 contains at most 
n - 2 edges of M, then by induction hypothesis both M n E(Gt ) and M n E(G2) can 
be extended to perfect matchings of Gt and G 2, respectively, thus giving a perfect 
matching extension of M in Q,,. 
Therefore, we may assume that all edges of M are in Gt. If now M’ denotes the 
matching in G2 corresponding to Gt under the isomorphism induced by F, then MUM’, 
together with those edges of F whose endpoints are not among the endpoints of M, 
form a perfect matching of Qn extending M. 0 
3. An algebraic lemma 
We denote by X&(Z) (or X42,) for p prime) the group of all unimodular 2 x 2 
matrices over 2 (or over Z,) and by 4P the homomorphism from S&(Z) to SLz(ZP) 
reducing the entries of elements of S&(Z) modp. 
Lemma 1. Let n and k be positive integers. Then there exists a prime number p for 
which the group sL2(ZP) contains elements al, a2,. . . , ak (ai # ai” for i # j) such 
that the Cayley graph of SLz(ZP) with respect to {a,,a,‘,a2,a2’,...,ak,ak’) has 
girth larger than n. Moreover, the elements ai can be chosen so that their orders are 
odd. 
Proof. Take a sufficiently large positive integer s and k + 1 distinct pairs (mi,qj), 
1 <i< k + 1, of numbers satisfying gcd(mi,q;) = 1, O<rni <s/2 and Odq; <s/2 for 
all i (in particular, (0,O) is not among these pairs). Let 
c; = m1 ci E SLz(Z) 
[ 1 qr bi
have determinant equal to 1. We may assume that ]c;l < s/2 and lbil < s/2. For 
1 didk + 1, set 
gj = Cj 
[ 1 
:, ; c,-’ 
In [9], it was shown that for a prime p, the Cayley graph of SL2(ZP) with respect to 
{$p(gi),4p(g1y1) : 1 <i<k} is 2k-regular and has girth larger than t log,(p/2) - 1. 
Hence if we choose p so that + log,(p/2) - 13n and set aj = 4Jgi), then SL2(ZP) 
and ai will be as this lemma requires except that possibly the order of some ai could 
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be even. Now we will show that p can be chosen so that the orders of all ai are odd. 
In order to do this, choose p as above satisfying the additional requirement that it be 
greater than s. Consider, for a positive integer t, the tth power of gi: 
Hence 4p(gi)l = +Jgf) = ls~~(z,,) if and only if 
tsmiqi z tsmf E tsqf E 0 (mod p). 
AS p is prime, s, mi and qi are smaller than p and at least one of mi,qi is nonzero, 
the conditions are satisfied exactly when t is a multiple of p. Thus the order of 4p(gi) 
in SL2(ZP) is p, an odd number. 0 
In the rest of the paper, we assume that for every pair n, k, a group H,,,k satisfying 
the conclusion of Lemma 1 is fixed. The elements ai of H,,k are referred to as ainTk). 
4. Main result 
Theorem 1. Let II and k be positive integers. Then there is a k-extendable graph 
Gk,n with girth greater than or equal to n. Moreover, we give a construction of 
graphs % ,,. 
Proof. Let s > (y) b e an integer. We will recursively define groups H{, Hi,. . . , H,‘. Let 
H{ be Zzn+l. For 2,<i<s, let Hi’= H,,IH:IIH:~...IH,‘,I. For i > 1, let fi: H:xH,‘x...x 
H;- , 
(~,l~:Il~:I~..l~,‘_,I) . 
--+ H,! be a bijection between H/ x Hi x . . . x Hi_, and {aj :JE 
{1,2;..,IH:IIH2’I...IHi’-,1}}. Al so, for 1 < i <s, set Hi = Hi x Z2 and denote by pi 
the projection from Hi onto H/. Now, let H = HI x H2 x . . . x H, and for an element 
g of H, let qi(g) denote the image of g under the projection of H onto Hi (1 <i<s). 
The element set of H will be the set of vertices of Gk,n. To define the edges of 
Gk,n, we need one more definition. 
For u E H and for i,ldids, let gu,i E H = HI x H2 x ... x H, be defined by 
qj(gu,i) = lo, when j # i, while 
qi(gu,i) = (1,l) when i = 1, 
qi(gu,i) = (fi(pl(ql(u)),P2(q2(U)),. . . 3 Pi-l(qi-l(u))), 1) othem+e. 
Observe that g,,i depends only on the first i - 1 coordinates of u. 
If a,b E v(Gk,,) = H, then a and b will be connected by an edge in G,+ if 
either b = ag,,; or b = ag,! for some 1 <i <s. As the first i - 1 coordinates of ga.i 
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are units in their respective groups, it follows from b = agzt that b and a coincide 
in their first i - 1 coordinates, and gb,, = gu,i by the definition of g,,i. Therefore, 
b = ag&& E { 1, -l} implies a = bg,! = bgb,:, and the edges of Gk,n are well 
defined. The element gu,i plays the role of a ‘step’ for the ith coordinate at the vertex 
u. This step is no longer constant (as opposed to Theorem 2 where it was equal to 1 
for all vertices and coordinates). 
First, we will show that Gk,n is k-extendable. Obviously, Gk,n has more than 2k 
vertices. LetM = {uiur,...,ukrk} be a matching in Gk,n and set S = {Ui,Zli : l<i<k}. 
As ISI = 2k, there are at most (y) unordered pairs u, v of vertices in S for which 
j{i : qi(U) # qi(V)} 1 = 1. In particular, there exists 1 d t <s such that no u, v E S differ 
in the tth coordinate only. This t satisfies 
(1) 
for any fixed al E Hl,az E HZ,. . ,a,-~ E Ht-l,ar+l E Ht+l,at+2 E Ht+2,. . . ,a, E H,. 
Let x E H be defined by qr(x) = (lH;, 1) and qj(X) = lo, = (lH;,O) when j # t. 
Then xg = gx for every g E H and x2 = 1H. Also, pj(qj(x)) = 1~; for every 1 <j<s, 
implying 
Pj(4j(hX)) = Pj(qji(h))P,(q,(x)) = Pj(4j(h)) 
for all h E H and 1 <j bs. 
By the definition of elements gu,j, we have gh,j = ghx,j for all 1 <j <s. If we set 
ui = UiX, u( = UiX for 1 <ib k, then, noting that (as UiUi is an edge in Gk,n) Vi = Uigi,,j 
for some 16jds and for some E E (1, -l}, we obtain 
I c 
Uigu/ j = UilJt,j = UiXgi,,j = Uig&,,jX = ViX = V(. 
I’ 
For any pair of vertices u’ = UX, v’ = vx (u # a) from the list u{, u$, . . . , u;, ~‘1, vk . . , 
v:, u’x = ux* = u and, similarly, v’x = o. Hence u’ # v’ because u # v and the set 
S’ = {u:,v; : 16 i < k} has size 2k. This also shows that M’ = {u~v~ : 1 did k} is a 
matching. 
Moreover, S n S’ = 8 (if, say, u = v’ for some u E S and v’ = vx E S’, then u and 
u’x = ux2 = v would differ only in the tth coordinate, contradicting (1)). Thus MUM’ 
is also a matching. 
Y(Gk,,) is a disjoint union of sets A of the form 
A=A (I,,al ,..., a,_,.a,+ ,,..., a< = {(al,a2,...,at-l,b,at+l,...,a.~): b E Ht} (2) 
for all possible choices of ai E Hi. 
We will prove that MUM’ can be extended to a perfect matching of Gk,n by showing 
that for all A as above the graph Gk,,[A] \ (S U S’) contains a perfect matching. 
Let A be fixed. Then 
E(Gk,n[A]) = {uv : v = ug$, 1 dids,u,u E A}. 
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By (2) and by the definition of gu, i, only i = t yields edges of Gk,,[A]. Moreover, as 
all elements of A share the same first t - 1 coordinates, g,, is constant for all u E A. 
If we denote this constant by h, we get 
E(G/JA]) = {uv: u = uh*’ ,u,u~A}={uv:v=uh,u~A}. 
Thus Gk,,[A] is a 2-regular graph with the cycles of the form 
u(uh)(uh2). . (uh'-' )u, u E A, 
where o is the order of h in H. 
AS h is of the form gu,i, we have qt(h) = (h’, 1) for some h’ E H:, and o is even. 
Consequently, all cycles in Gk,,[A] have an even length. If A n (S U S’) = 0, then 
Gc,nM\(S u S’) = %M contains a perfect matching. So assume otherwise. By (l), 
IS f? Al d 1 and by the definition of u[, u:, also IS’ n Al d 1, with 15’ n Al = 1 if and 
only if IS’ n Al = 1. In fact, there is an i such that either A n (S U S’) = {Ui,ui} or 
A fl (S U S’) = {Vi, vi}. Without loss of generality, assume that the former is the case. 
Let 0’ be the order of pt(qt(h)) in Hi. d is odd by the definition of the elements gu,t. 
Consequently, qt(h”‘) = (lH;, 1) and thus rr’ = a/2. Hence ha’ = x and U: = uih”. But 
this implies that Ui and U; divide a cycle of Gk,,[A] into two paths of equal lengths. 
AS a result of this, Gk,,[A]\{Ui,uj} consists of a number of cycles of (even) length 
(T and of two paths each having length 0’ - 2. Since c’ is odd, G/g[A]\{ui, ui} has a 
perfect matching and the k-extendability of Gk,n is established. 
Now we proceed to show that the girth of G k,n is at least n. Suppose this were not 
the case and let C = uiu2 . . . U,JUI, n’ < n be a shortest cycle in Gk,n. 
First, note that if v1 v2 . . v,v~ is a cycle in Gk, ,, and gi = vGi, Vi for 1 < i Q w (sub- 
scripts are taken mod w and the vertices of the cycle are viewed as elements of H), 
then qj(g1 )qjb) . . . qj(gw) = lo, for all 1 <j <s. Now let t be the largest number for 
which qt(u) is not constant throughout { ui : 1 < i <n’}. Note that necessarily t > 1 since 
t = 1 would, for some E E {1,-l}, force qi(ui+,) = qi(ui&,,) = qi(Ui)(l, 1)” for every 
1 di<n’ (here, subscripts are considered modn’). But then q,(ul) = ql(ul)(l, l)*n’, 
which is impossible as n’ < n. 
Let il < i2 < . . < ik’ be all those numbers i for which qr(ui) # qt(Ui+l), and let 
h,,hI,..., hkf E Ht be defined by hj = (qr(Ui,))-‘qt(ui,+,). 
As C is a cycle, we also have hl h2 . . . hp = lo,. But all hi are in the set 
((,:~~l~;lIH;l~~~Ix,‘_,I~ ,l):j E {1,2,...,IH,‘I(H~l...IH~_,I}}. Lemma 1 now implies that 
the graph X(H:, {p,(h,),(p,(hi))-’ : 1 <i<k’}) cannot have a cycle of length k’ < n. 
Therefore, there is j, 1 <j < k’, for which pt(hj)pt(hj+l ) = 1,;. By the definitions of 
the edges in Gk,n and of hi, we get hit = q&,,, ,, )” (with SOme 
E E { 1, - 1)) for each 1 <j’ <k’ and, therefore, gu,,,t = gU,,+, (. This, in turn, im- 
plies that pl(ql(Ui,)) = pI(ql(ui,+, )) for all 1 <IQ t - 1. By the choice of t, also 
q!(ui,) = ql(Ui,+l ) for t + 1 d 1 ds. 
Thus, if we put 
ui, = ((al,nl),(~2,n2),...,(a,-l,n,-l),(a,n),(a,+l,n,+l),...,(~,,n,)), 
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%+l = ((~l,ml>,(~2,m2),...,(~t-l,mt-l), 
We will show that ui,+t # Ui,,, . Suppose contrary. Then there are two possible cases. 
CUSf? 1: ij + 1 = ij+l . 
CU.W 21 ij + 1 # ij+l. 
In the former case, the walk ai,U,,+l Ui,+2 is closed and C is not a cycle, while in 
the latter case Ui,+t Ui,+2 Ui,,, is a cycle in Gk,n shorter than C. We conclude that 
indeed Ui,+ 1 # Ui,, , . 
This implies that there is a p, 1 < p<t - 1 for which np # mp. Hence, if 
ij f l<lt < 12 < ... < 1, < ij+l are all those numbers 1 between ij and i/+1 
for which qP(uj) # qJul+,) and hi, hi,. . . , hi are given by hj = CqJw, ))-‘qp(w,+I ), 
then (a_,, n,)h{hk . . h: = (a,, mp) = (a,, 1 + np). As each h( is of the form (h, 1) for 
some h E HI,, Y has to be odd. We also see that 
I I p/Ah, )pp@2). . p,@:) = 1~;; (3) 
If there is 1 di < r for which pJhi)p,(hj+,) = 1~6, we will delete these two ele- 
ments from (3). After a finite number of such deletions, we obtain p,(h&,)p,(h~2). 
pp(h6,,) = lo;, for some ldml < m2 < . ..rn.f<r, where r’<r<n’ < n and 
p,(hLt)p,(hk,+,) # 1~6 for all 1 <i < r’. Moreover, as r is odd, r’> 1 and is also 
odd. This is clearly impossible if p = 1 (pl(hj) E (1, -1) for all i) and contra- 
dicts Lemma 1 when p > 1 (since all h: are of the form qP(gu,P)t: for some u E 
(~1, : 1 <i<r} and E E { 1, -1)). Therefore, the girth of Gk,n is at least n. 0 
5. Concluding remarks 
1. The graphs Gk,n have size not exceeding 
While the minimal size of graphs with minimal degree k and girth greater than or 
equal to n is of order (k - 1 )“!2, we did not make an attempt to estimate the minimal 
size of Gk,n. For example, in the construction of graphs Gk,n in Theorem 1, s > (y) 
could be substituted by s > k. 
2. For every x there exists k(X) such that every graph of genus x and girth k(X) 
fails to be 2-extendable. (This follows easily from Euler formula.) Our construction 
shows that k(X) is an unbounded function. One can prove that regular dodecahedron is 
2-extendable. As of course every planar graph of girth 6 has a vertex of degree <2, 
this implies that k(0) = 6. Also, we have 6 < k( 1)<7. To determine k(X) in general 
does not seem to be easy. 
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3. The graphs Gk,n are bipartite. This can be seen as follows. All elements gu,i E H 
are of the form 
Su.i = ((~1,~1),(~2,~2),.,(as,ns)) 
with exactly one of ni = 1. Thus if we set 
then { Vo, VI} is a partition of V(Gk,“) and every edge of Gk,n connects a vertex of V. 
with one of VI. 
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